Abstract. Developing the ideas of Bressler and Soibelman and of Karabegov, we introduce a notion of an oscillatory module on a symplectic manifold which is a sheaf of modules over the sheaf of deformation quantization algebras with an additional structure. We compare the category of oscillatory modules on a torus to the Fukaya category as computed by Polishchuk and Zaslow.
In memory of Moshe Flato
Introduction
Deformation quantization was first introduced in [1] . For a symplectic manifold (M, ω), a deformation quantization algebra is C
∞ (M)[[ ]] with a new associative, C[[ ]]-bilinear product
where 1 * f = f * 1 = f , P k are bidifferential operators, and
(f * g −g * f ) ≡ {f, g}(mod ), {f, g} being the Poisson bracket associated to ω. Since [1] was motivated both by quantum mechanics and by representation theory, quantities of the type exp 1 i S(x, ξ) played a prominent role there, as did modules over the deformed algebra. This is true with regard to many subsequent works on deformation quantization, in particular [16] and [2] .
Asymptotic analysis of quantities of the type exp(
S(x, ξ)) at → 0 plays a crucial role in linear PDEs and in particular in quantum mechanics, cf. for example [31] , [33] , [44] , [45] , [47] , [51] . This seems to have motivated not only [1] but also Fedosov's approach to deformation quantization [19] , as well as other works on the subject. An idea to systematically put the theory from Guillemin and Sternberg's book [31] into Fedosov's context was suggested to the author by A. Karabegov. We started to realize it in [52] . The present paper is a continuation of this work.
Let (M, ω) be a symplectic manifold. A deformation quantization algebra of M can be viewed, according to [19] , as the algebra of horizontal sections of a bundle of algebras A M with a productpreserving flat connection ∇ A . Locally in Darboux coordinates (x, ξ) = (x 1 , . . . , x n , ξ 1 , . . . , ξ n ), sections of A M are functions f (x, ξ, x, ξ, ) where x = ( x 1 , . . . , x n ) and ξ = ( ξ 1 , . . . , ξ n ) are formal variables; the product is the Sp-equivariant Moyal-Weyl product in x and ξ; the connection is, after a gauge transformation, equal to
The sheaf of ∇ A -horizontal sections of A M is isomorphic to C
(locally, horizontal sections are of the form f (x + x, ξ + ξ) where f is a smooth function). The product makes this sheaf a deformation quantization of (M, ω). In particular, a bundle V of A M -modules with a compatible flat connection ∇ V gives rise to a sheaf of modules over the deformed algebra.
In the approach that is presented in this paper, expressions exp( A with the bracket [f, g] = f * g − g * f. Let G be the group of continuous automorphisms of A that induce a real symplectic isomorphism of C 2n . We define a central extension G of G (cf. 2.1). Elements of G can be written as exp( 1 i S( x, ξ, )) where S is a power series such that S(mod ) is a series in x, ξ without a linear part and with real quadratic part. Note that a constant part is allowed. In other words, the construction of G out of G includes formally allowing expressions exp( 1 i a + b) where a and b are complex numbers. Note also that Sp(2n, R) is a subgroup of G, and the universal cover Sp(2n, R) is a subgroup of G.
Now we have a group G, a Lie algebra g, and an algebra A; G acts on g and A, and g acts on A. All these actions are compatible. Next (in 2.2) we construct a space H on which G, g, and A all act in a compatible way. The space is an algebraic analog of the Weil metaplectic representation. Elements of H are expressions of the type exp( 1 i S( x, ))f ( x, ) and their (partial) Fourier transforms, as explained in 2.2. Here S is a power series as described above; f belongs to a certain completion of the space of power series. Now consider a symplectic manifold (M, ω). The Fedosov bundle of algebras A M is a bundle with the fiber A. There are also a bundle of Lie algebras g M with the fiber g and a bundle of groups with the fiber G. We extend this bundle of groups to a groupoid on M (in 3.4).
For x, y in M, let G x,y be the set of (continuous) isomorphisms of algebras A y ∼ → A x . The sets G x,y form a groupoid on M that we denote by G M . An element g ∈ G x,y defines an isomorphism g 0 :
For example, if M = R 2n , consider the trivial vector bundle with the fiber H. The set
that are in the image of the group G. One can write sections of G on M × M as expressions exp(
such that the linear part of S(mod ) with respect to x and ξ is equal to
is real. Let S nl = S − S lin . We understand exp(
where exp( l( x, ξ)) the parallel transport by the vector v which is the image of l under the isomorphism R 2n, * ∼ → R 2n defined by the symplectic form. Parallel transports by different vectors commute with each other, and so do elements exp( ξ) ) of the groupoid G. A natural impulse would be to make them satisfy commutation relations similar to the ones in the Heisenberg group. There are indeed sections of the groupoid G that satisfy these relations, and they play an important role, in particular in 5.1.2. (Among other features, they have better behavior with respect to the flat connection on G) . For example, one can put g 1 (x, ξ) = exp(
The first is the same parallel transport in the x direction at every point; the second is the parallel transport in the ξ direction, but followed by multiplication by the element exp(
This choice of notation works well for us, in particuar when we consider the case of the torus. But it has its disadvantages. For example, it is a little counterintuitive that elements exp( l( x, ξ)) and to distinguish x, ξ from x, ξ. On the other hand, our notation is convenient to describe the summands of (1.0.2) below.
An oscillatory module on M is a bundle V with a flat connection ∇ V on which A M , g M , and G M act compatibly with each other and with the connections. In other words, V is a bundle of A M [ −1 ]-modules together with an isomorphism T g : V y ∼ → V x for any g ∈G x,y , and a flat connection ∇ V , subject to various compatibilities. Intuitively, an oscillatory module may be viewed as a module over the "algebra" of expressions
Another intuitive way to understand oscillatory modules is via the framework of Connes' noncommutative geometry. It is well understood within this framework that the role of the ring of functions on a quotient of a space by a group is played by the cross product of the group by the algebra of functions on the space [12] , [13] . In case of a good action, this algebra is Morita equivalent to the algebra of functions invariant under the action of the group, that is of functions on the quotient space. Therefore one can say that an oscillatory module V is a module over the deformation quantization of the noncommutative geometric quotient of M by all (quantized) symplectomorphisms.
It is natural to try to construct an oscillatory module globalizing the construction of the algebraic Weil representation H above. Indeed, it is easy to construct a bundle of A M -modules with a fiber H and a connection; however, the curvature of the connection is not zero but 1 i ω (for a specific choice of ( A M , ∇ A )). This is a direct consequence of the Fedosov theory. What we can do is to pass to a twisted bundle H M (in 3.2). By definition, a twisted bundle is given by aČech one-cochain
where c αβγ is aČech two-cocycle with constant coefficients representing the class of the symplectic form ω.
Note that this definition is very similar to the definition of a flat gerbe ( [11] ); for a relation between gerbes and the Fedosov construction, cf. [15] .
For twisted bundles, two notions from the theory of usual vector bundles still make sense. One is the notion of a flat connection (because the factor exp( The twisted bundle satisfies all the axioms for an oscillatory module, except being an actual vector bundle. To construct oscillatory modules from it, we use a cut-and-paste procedure starting with a Lagrangian submanifold (cf. 4.1).
For a Lagrangian submanifold L, note that ω|L is exact by definition. Therefore we can choose a primitive one-cochain for aČech cocycle representing ω|L and make H M |L a vector bundle with a flat connection. We define a groupoid P L together with its morphism to G M |L. This groupoid consists of classes of (x t , g t ) such that the linear part of g t preserves the tangent space to L. We also define a subbundle V L of H M that is stable under A M |L, g M |L, and P L . Remark 1.2. In [52] , we studied an asymptotic version of the D-module of Lagrangian distributions whose wave front is a given Lagrangian submanifold of the cotangent bundle M = T * X. The bundle V L is a direct generalization of this construction.
To assign to a Lagrangian submanifold L an oscillatory module V L , one can use the induction procedure familiar from representation theory and define
where (g x,y p y,z )v z ∼ g x,y (p y,z v z ) for p y,z ∈ P y,z . The sums we are considering are finite, or rather, after some simple completion, countable.
Remark 1.3. This construction passes from a D-module-like object V L to an induced module V L on which quantized Hamiltonian symplectomorhisms exp(
This reminds of a construction that passes from a D-module on {f = 0} to a new module on which expressions f s act (cf. [28] ). It would be interesting to compare the two objects, as well as to compare our work to [35] and related works. It would also be useful to compare our groupoid G M to quantized symplectomorphisms that appear, for example, in [22] , [37] , and [59] , as well as to the star exponentials from [2] and [16] . Another question that we intend to study is what happens when the condition c 1 (T M) = 0 is removed, and how to relate our constructions to the works [3] and [30] .
Let us illustrate the construction of the module V L with an example. Put M = T 2 with periodic coordinates x, ξ and the standard symplectic structure ω = dξdx.
Recall that the Fukaya category of a compact symplectic manifold with c 1 (M) = 0 is an A ∞ category whose objects are Lagrangian submanifolds with some extra data, cf. [23] , [24] . The homotopy category of this A ∞ category is a category with the same objects. In the case of the standard two-torus, this category was computed by Polishchuk and Zaslow in [56] . They showed that it is equivalent to the derived category of coherent sheaves on the mirror dual complex torus. This is a partial case of the homological mirror symmetry conjecture of Kontsevich [41] .
Let L m be the Lagrangian submanifold ξ = mx. Sections of the oscillatory module V Lm are expressions k∈Z exp((ξ −mx−k) x)f k (x, ξ) where f k are two-periodic functions with values in H. We will show that morphisms of oscillatory modules V Lm → V L m+n , n > 0, compose similarly to morphisms in the Fukaya category of M, via Polishchuk and Zaslow's mirror symmetry. In fact, we construct such morphisms as operators of multiplication by
(x+b x+ν) 2 Here e
is an element of G that is understood as in (1.0.1) above. The expressions θ a are, formally, linear combinations of theta functions of level n, cf. [48] , with τ = and z = x + x, after an application of the Poisson summation formula and the substitution τ → − 1 τ
. Therefore, their composition satisfies the same identities as multiplication of theta functions and as composition in the Fukaya category of T 2 (because of the mirror symmetry for the torus, cf. [56] ). Note that D. Tamarkin has a version of his sheaf-theoretic category on the torus that coincides with the Fukaya category via Polishchuk-Zaslow [60] .
From this example it looks like the notion of an oscillatory module is closer to the Fukaya category than the usual notion of a module over a deformed algebra; it may be also helpful for studying the B-side. This, together with our ongoing work on the index theorem for Fourier integral operators [43] and a general project to study deformations and modules over them in relation to index theory ( [5] , [6] , [7] , [8] , [14] , [37] , [38] , [39] , ), is the motivation behind the present work.
Remark 1.4. The idea to relate Lagrangian intersections to deformation quantization was communicated to the author by Boris Feigin in mid eighties, before either the invention of the Fukaya category or the more recent advances in deformation theory. The first work on a relation between D-modules and the Fukaya theory is Bressler and Soibelman's article [10] . This relation is advanced in [34] with applications to a physical interpretation of the geometric Langlands program. A rigorous expression of the Fukaya theory of T * X in terms of the category of constructible sheaves on X is contained in [50] . Further work in this direction was done in [21] , [32] , [49] , [17] , [18] . In [59] , another version of the sheaf-theoretical category on T * X is proposed, together with some hints about how such a category could be glued together from Darboux charts to a symplectic manifold. This category is related to the Fukaya category; it is used to prove non-displaceability results for some Lagrangian submanifolds and other compact subsets. Hopefully, oscillatory modules will provide a partner for Tamarkin's sheaf-theoretical objects under some sort of a Riemann-Hilbert correspondence. Or, perhaps, there is a theory for complex manifolds that is locally based on neither sheaves nor A-modules but on elliptic pairs in the spirit of [57] . 2. Deformation quantization of a formal neighborhood 2.1. Deformation quantization algebra and its symmetries. Put
with the Moyal-Weyl product;
We can identify g 0 with sp(2n, C). One has a central extension
as well as
Any continuous automorphism g of A induces a symplectic linear transformation g 0 of C 2n . Denote by G the group of those g whose linear part g 0 preserves the real structure. We have
Define the central extension
One has an exact sequence
Remark 2.1. Note that the Lie algebra of G is not g but the Lie subalgebra g ≥0 . The Lie algebra of G is not g but rather g −2 + g ≥0 . This should be kept in mind throughout the paper. For example, we will consider g-valued or g-valued connections in G-or G-bundles. Later, when we globalize these constructions on a symplectic manifold M, the bundle of Lie algebras g M will play the role of a Lie algebra of the groupoid G M .
Define also P to be the subgroup of G consisting of elements g whose linear part preserves the Lagrangian subspace
Let P be the preimage of P in G.
2.2.
The algebraic Weil representation. Let y = ( y 1 , . . . , y n ) be n formal variables. For a symmetric real n × n matrix a, put
with respect to the grading (2.1.1); for any vector space V, we define
In particular, the multiplication by h is automatically invertible.
Note that the completion as in (2.2.3) is not necessary for A, g, and G to act on H. But without it, expressions as in (6.3.2) would not exist.
Put also
For a nondegenerate a, define the Fourier transform (cf. [40] )
as follows. Heuristically,
To give the above formula a rigorous meaning, put
Here p(a) is the number of positive eigenvalues of a. We used the branch of the square root for which (ix) > 0 if ix > 0; it is defined defined on the complex plane with the line {ix < 0, x ∈ R} removed.
The final term in the above chain of equalities can be viewed as the definition of the first term. The definition of the Fourier transform F extends to elements of the form
where a is nondegenerate and z is another formal parameter:
One has (2.2.9)
Here y I,J = ( x I , ξ J ). The equivalence relation is defined as follows. Let (2.2.11)
Here S is a quadratic form. We assume it becomes a nondegenerate form in x I 2 if we put x I 1 = ξ J = 0. We declare the following two elements equivalent:
Here F I 2 is the Fourier transform from functions of x I 2 to functions in x I 2 , as in (2.2.8). Our equivalence relation is the minimal one for which all the pairs as above are equivalent. A, and the action of on H is invertible.
The meaning of the above operators is as follows. The Fourier trans-
) extends from H b x to all of H as follows:
on H (ab + ba). Define
This, too, is a well-defined operator. It remains to define T b for one b that is not in the connected component of the identity, namely a diagonal matrix with one entry equal to −1 and the rest equal to 1. Depending on whether the entry −1 is in the I or J group, we define T b exactly as in (2.2.15) above, with respect to the variables x I or to ξ J . 
This is a well-defined map H b y I,J → Λ(n) where Λ(n) is the Grassmannian of Lagrangian subspaces in R 2n . The space H is identified with the space of finitely supported sections of a G-equivariant vector bundle on Λ(n).
Proof. The Lagrangian Grassmannian is a homogeneous space of G via the projection G → Sp → Sp . In fact,
The above formulas turn the manifold Λ(n) into the union of charts indexed by I, J: A ( G, g, A) is a vector space V equipped with an action of the group G, of the Lie algebra g, and of the associative algebra A subject to g(Xv) = g(X)gv; g(av) = g(a)gv; X(av) = X(a)v + a(Xv) for g ∈ G, X ∈ g, a ∈ A.
Lemma 2.6. The actions described in 2.2.3, 2.2.3, and 2.2.3 turn H into a ( G, g, A)-module. A;
• P acts as in 2.2.3, namely: exp g ≥1 acts via the exponential of the above action of g;
gv}/ ∼ where g(pv) ∼ (gp)v for g ∈ G and p ∈ P . Clearly, V is a ( G, g, A)-module, with the action defined as follows:
3. Deformation quantization of a symplectic manifold 3.1. Deformation quantization algebra. Recall the Fedosov construction from [19] . On a symplectic manifold (M, ω), consider the bundle of algebras A M associated to the bundle of symplectic frames on M via the action of Sp(2n) on A. In other words, if g αβ : U α ∩U β → Sp(2n) is the cocycle defining the tangent bundle, then A M is determined by this cocycle via the map Sp(2n) → Aut( A). Similarly one defines the bundles algebras of Lie algebras g M and g M and the bundles of groups G M and G M . There exists a flat connection ∇ in the bundle of algebras A M . Locally in coordinates, it is of the form (3.1.1)
where A k are g k -valued forms on M and A −1 is the standard form given in Darboux coordinates by
Locally for any ∇, there is a gauge transformation σ ∈ Γ(U, (G M ) ≥1 ) such that σ∇σ −1 is equal to
There exists a lifting of ∇ to a g Mvalued connection ∇. One has (3.1.4)
where θ k are closed two-forms.
Given a Fedosov connection ∇, the sheaf of horizontal sections of
. This product is of the form
where P k (f, g) are bidifferential expressions in f and g, 1 * f = f * 1 = f , and f * g − g * f = i {f, g} + O( 2 ). The Poisson bracket in the last formula is the symplectic Poisson bracket corresponding to ω. The product as in (3.1.5) is by definition a deformation quantization of (M, ω). Two deformation quantizations are isomorphic if there is a power series
where T (f * 1 g) = T (f ) * 2 T (g) and T k are differential operators on M.
One proves that the set of isomorphism classes of deformation quantizations is in a bijection with the set of cohomology classes of
The deformation quantization is constructed from θ as follows: start with a Fedosov connection ∇ having a lifting ∇ with ∇ 2 = θ; then pass to the sheaf of horizontal sections of ∇.
To prove the above statement, one first shows that any deformation quantization is isomorphic to the sheaf of horizontal sections of some Fedosov connection. For that, start with a deformation and consider the bundle of algebras jets C 
is a filtered bundle of algebras that is isomorphic to its associated graded bundle of algebras A M . The image of the canonical flat connection under this isomorphism is a Fedosov connection ∇. On the other hand, one shows that for any θ as above there is a Fedosov connection ∇ with a g-valued lifting ∇ such that the cohomology class ∇ 2 equal to θ; such connections are gauge equivalent if and only if the corresponding cohomology classes θ are equal; cf. [19] , [20] , [61] .
From now on, we will consider only the Fedosov connections whose class is equal to θ = 1 i
[ω]. All such connections are gauge equivalent, and they lead to isomorphic deformation quantizations. [ω]). To get a flat connection, we have to pass to a twisted bundle. Definition 3.1. A twisted bundle is given by
where (c αβγ ) is aČech two-cocycle with values in R representing the class of the symplectic form ω.
We construct the twisted bundle H M by defining
where (a αβ ) is aČech one-cochain with values in smooth functions whose differential is (c αβγ ). Note that, since c αβγ is a locally constant-valued cocycle, the notion of a connection makes sense for a twisted bundle defined by transition automorphisms subject to the identity as in Definition 3.1. We define the flat connection ∇ H to be
In what follows, we give another definition of H M for polarized symplectic manifolds. This definition is very close to the constructions from [31] . Strictly speaking, the text until 3.3 is not needed for the sequel.
3.2.1. Metalinear structures. Recall [31] that the metalinear group is by definition
This is a twofold cover of GL(n, R). There is a morphism
Denote by OL(n) the preimage of O(n) in ML(n). Let also
(2) (2n, R) be the universal twofold cover of Sp(2n, R). There is a commutative diagram
where the horizontal embeddings are homotopy equivalences. A metalinear structure on a real vector bundle E is a lifting of the transition automorphisms g E αβ to an ML(n, R)-valued cocycle g E αβ . For a real bundle E with a metalinear structure, the complex line bundle ∧ 1 2 E is given by the transition automorphisms det
Recall that a real polarization is an integrable distribution of Lagrangian subspaces. Let P be a real polarization on M. In this case, automatically 2c 1 (T M) = 0 (cf. [58] ). If P admits a metalinear structure then c 1 (T M) = 0.
Let P 0 = {g ∈ Sp(2n)|g preserves the Lagrangian subspace {ξ = 0}}. Let P 0 be the preimage of P 0 in Sp. From a real polarization P, one constructs local trivializations of M and T M such that the transition automorphisms of T M are P 0 -valued. If P has a metalinear structure then they lift to a P 0 -valued cocycle.
3.2.2.
Constructing the twisted bundle H M from the jet bundle. From now on we assume that:
• M is equipped with a real polarization P that has a metalinear structure.
• There is a line bundle L on M such that c 1 (L) = 2πi[ω] and the transition automorphisms of L are P-horizontal. The twisted bundle H M is constructed as follows. For any line bundle E on M, define jets Γ(E) as the bundle of jets of sections of E. If the transition automorphisms of E are horizontal with respect to P, then denote by jets Γ hor (E) the bundle of jets of P-horizontal sections of E. Now, formally, write the transition automorhisms of the bundle for an integer n).
Proposition 3.2. The above construction defines a cochain
where c αβγ is a cochain with values in Z that represents the class of the form ω.
Proof. Let us explain the construction of g αβ in more detail. Let φ α :
β (x β )). Using similar notation for T P, define (3.2.11) g
By definition, the power
It is easy to see that (3.2.11) defines a map g αβ : U α ∩ U β → G which is of the form
here g T M αβ are P 0 -valued transition functions of T M, after the embedding P 0 → Sp(2n). It is also easy to see that theČech coboundary of (f αβ ) represents the class of ω.
The canonical connection on the jet bundle is of the form (3.2.13)
after the gauge transformation σ α , it becomes (3.2.14)
this is a flat connection on H M .
3.2.3.
Constructing the deformation quantization A M from the jet bundle. Now define a bundle of algebras by means of aČech cocycle which is the image of G αβ under the projection G → G. This is a filtered bundle of algebras whose associated graded is isomorphic to A M (cf., for example, [53] ). Abusing the notation, we will denote by A M the above bundle of algebras itself.
Remark 3.3. Recall that the Rees ring of a ring A with an increasing filtration F • A is defined by
Consider the bundle of algebras
, after the gauge transformation Ad σ α on any Darboux chart. This is a bundle with the fiber C
∞,pol M
[ ] where the latter can be defined as follows. Let
hor be the space of functions that are horizontal with respect to P. Define inductively
In local Darboux coordinates, F n consists of functions that are polynomial of degree ≤ n in ξ α . The transition functions and the product in the above bundle of algebras extend from C
to give the bundle A M as above.
One defines a connection ∇ A on A M exactly as we did for H M . This is a Fedosov connection. To construct its g-valued lifting, consider a bundle which is a modification of H M . Formally, consider the transition automorphisms of the bundle
(Rigorously speaking, these are just G αβ exp(− 1 i f αβ )as in and after (3.2.11)). They have the same image in G as the transition automorphisms G αβ . Formally writing the connection
The above construction is a generalization of the one carried out in [52] for the case of the cotangent bundle. It is also very close to the one from [4] .
3.3. Twisted bundles and local trivializations. Another way to interpret H M is as follows. Let, as above, c = (c αβγ ) be aČech cocycle representing the class of ω.
• For any local trivialization T of c, a bundle H T of A M -modules.
• For any two local trivializations T and T ′ , an isomorphism of bundles φ T,T ′ :
• For any three local trivializations T , T ′ , and T ′′ ,
Every bundle H is a bundle of A M -modules. It is equipped with a flat connection ∇ H,T , and φ *
The bundles H T are defined byČech cocycles
a αβ ) where a αβ is the cochain trivializing c αβγ according to the local trivialization T .
3.4. The groupoid G M . We keep the assumptions from 3.2.2. Recall that c is a chosen real-valued two-cocycle representing the cohomology class of ω.
For x, y ∈ M, define G x,y as the set of equivalence classes of the following data: Two such data (γ 0 , g t,0 , T ) and (γ 1 , g t,1 , T ′ ) are equivalent if there exist:
(1) A smooth γ : [0, 1] 2 → M; we denote γ(t, s) by x t,s and require
2 and satisfying
Let (γ, T, g t ) define an equivalence class in G x,y and (δ, S, h t ) a class in G y,z . The composition of these classes is the class in G x,z of the data (γ • δ, R, k t ) obtained as follows: the path is the concatenation of γ and δ; the trivialization R is defined in the obvious way from T and S; the isomorphisms k t are defined from g t and h t by concatenation, using the trivialization R. We leave the details to the reader. It is easy to see that the composition is well defined. It turns the collection of G x,y into a groupoid on M. For any x and y in M, G x,y can be identified with π 1 (x, y) × G where π 1 is the fundamental groupoid of M.
3.4.1. Connections on groupoids. Assume that G is any Lie groupoid on a manifold M. Denote by π 1 and π 2 the two projections M × M → M, and by π ij , 1 ≤ i < j ≤ 3, the three projections
Let V be a vector bundle on M. Recall that an action of the groupoid G on V is a morphism of presheaves on M
Let g be a bundle of Lie algebras on M. We assume that (1) G acts on g by Lie algebra isomorphisms; (2) Lie( G x,x ) ⊂ g x ; (3) When restricted to Lie( G x,x ), the action of G is the usual adjoint action.
Somewhat abusing the notation, we denote the action of G on g by Ad.
Note that g can be larger than the bundle of Lie algebras Lie( G x,x ), compare to Remark 2.1. A connection on G is a morphism of presheaves on M × M (3.4.1)
Assume now that V is a vector bundle with a connection ∇ V . Let G act on V together with the bundle of Lie algebras g, and that the two actions are compatible. We say that the action is compatible with connections if
In particular, we will often assume that g has a flat connection ∇ e g compatible with the adjoint action of G. In this case, we say that the connection on G is flat if 
The connection on G M . We define a flat connection on G M to be the one induced from the above connection on Isom(H M ) under the morphism G M → Isom(H M ).
Oscillatory modules
As above,we keep the assumptions from 3.2.2. We have defined: The twisted bundle H M satisfies all the requirements but one: it is not an actual vector bundle. We will turn it into one by a cut-and-paste procedure described in the subsection below. C + p ≥0 in the space of linear operators on V x . Here p is the Lie subalgebra of g ≥0 consisting of those X whose component in g 0 lies in p 0 ⊕ C, p 0 being the Lie algebra of P 0 . Now define
By definition, this means that
Indeed, the three actions are given by (4.1.4)
Now construct a flat connection on V. Formally, put
The meaning of this formula is as follows. First of all, g · v stands for the following. There is a smooth map ϕ : U → L where U is an open subset of M, plus a section g ∈ Γ(graph(ϕ),
is the embedding, and ∇ X v = ι X (∇v) is the covariant derivative along a tangent vector X.
5.
The case of the two-torus 5.1. Deformation quantization of the two-torus. Let M = T 2 = R 2 /Z 2 be the standard two-torus with coordinates x and ξ and with the symplectic form ω = dξdx. be the class of (x t , g t ) where x t is the straight line path from (x 1 , ξ 1 ) to (x 2 , ξ 2 ), followed by the straight line path from (x 2 , ξ 2 ) to (x 2 +k, ξ 2 +l), and g t = id H . Sections of G M are of the form The first factor in the right hand side is viewed as an element of G (x,ξ),(x,ξ−n(x+ν)) for any point (x, ξ); the second, and the third, as elements of G, and therefore of G (x, b ξ),(x, b ξ) , for any (x, ξ).
Theorem 6.1. The formula v → θ a v defines a morphism V Lm → V L n+m of ( A M , G M , g M )-modules with connections.
Corollary 6.2. The subcategory of the category of oscillatory modules generated by objects V Ln and morphisms θ a is isomorphic to the subcategory of the Fukaya category of T 2 generated by L m and morphisms L m → L m+n for n > 0.
Proof. Note that θ a are, formally, linear combinations of theta functions of level n [48] with τ = and z = x + x, after an application of the Poisson summation formula and the substitution τ → − 1 τ . The corollary now follows from the mirror symmetry for T 2 , cf. [56] .
